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Displacement Method of Analysis: Slope-Deflection Method

C

EXAMPLE 8.3.2 6 k -
Determine the internal moments at each joint of 5 l Wﬂ
the frame shown in Fig. a. The moment of T |« ——==05= S e — o SBUR
inertia I for each member is given in the figure. //‘ L 800 in* C//' T o —
Take E = 29(10°) ksi. 1 e Ll I
|
Solution B ﬁt\ 400 in* " 1 200in*
0,=0 ‘i \\
Wi = Wpc=Wcp = Weg = 0, since no sidesway \ \ @
will occur. i 22} \ D
— A4
The member stiffness's,
800
B = LOL‘ =0.001286 ft' , k,. = ———=0.002411 ft
15(12) 16(12)
650
5 = LOL‘ =0.000643 ft' , k., = —-=0.002612 ft
15(12) 12(12)
The FEMs due to the loadings are
PL  6(16
(FEM Yy =L = 80O __1hy (FEM ),y =2 =800 5y
8 8 8 8
wil? 3(12) wlL?  3(12)
FEM )., =— =— =-36 k.t FEM ), = = =36 k.ft
For member AB
M ,, =2[29(10°}(12)*1(0.001286)[2(0) + 8, —3(0)]+0 =10740.70 6, (1)
M, =2[29(10°)(12)*](0.001286)[2(6, )+ 0—3(0)]+0 = 12481.50 6, (2)
For member BC
M . =2[29(10°)(12)*1(0.002411)[2(6, )+ 8. —3(0)]-12 =40277.8 6, +201389 6, —12  ..(3)
M, =2[29(10°)(12)*1(0.002411)[2(8. ) + 6, —3(0)]-12=20138.9 6, +40277.8 6. +12  ..(4)
For member CD
M., =2[29(10°)(12)*1(0.000643)[2(8, )+ 6, —3(0)]+0 =10740.74 6, +5370.37 6, .(5)
M, =2[29(10°)(12)*](0.000643)[2(6, ) + 6, —3(0)]+0=5370.37 6, +10740.74 6, .(6)

For member CE
M, = 2[29(103)(12)2](O.O2612)[2(0C)+0E —-3(0)]-36=43634.26 6, +21817.13 8, =36  ..(7)

M . =2[29(10°)(12)*1(0.02612)[2(6, ) + 8, —3(0)]-36 = 21817.13G, + 43634.260, +36 ..(8)

"M =0

* DC ”

From Eqs (5), and (6) eliminates the unknown and 0y
M., =8055.6 6, ..(9)

M. =0
From Eqs (7), and (8) eliminates the unknown and 0
M., =32725.7 6, - 54 .(10)

>
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Equations of Equilibrium. These six equations contain eight Mg Mg
unknowns. Two moment equilibrium equations can be written B C
for joints B and C, Fig. b. We have

Mcp
+OD> M, =0 M, +M,. =0 L(11) Mos Mcp
+OY> M. =0 Moy +M oy +M, =0 (12

In order to solve, substitute Eqs. (2) and (3) into Eq. (11),
and Eqgs. (4),(9) and (10) into Eq. (12).This gives
6175936, +20138.94. =12

20 138.94, +81059.04. =42
Solving these equations simultaneously yields
6, =2.758(10°) rad 4. =5.113(10%) rad

These values, being clockwise, tend to distort the frame as shown in Fig. a.
Substituting these values into Eqs. (1), (2), (3), (4), (9), and (10) and solving,

M, = 0.296 k.ft
M, = 0.592 k.ft
M . =-0.592 k.ft
M_, = 33.1kft
M, = 4.12kft
M, = —37.3 kft
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8.4 Analysis of Frames: Sidesway

A frame will sidesway, or be displaced to the side, when it or the
loading acting on it is nonsymmetric. When applying the slope-
deflection equation to each column of this frame, we must therefore
consider the column rotation y (since ¥ = A/L) as unknown in the
equation. As a result an extra equilibrium equation must be
included for the solution. In the previous sections it was shown that
unknown angular displacements 6 were related by joint moment
equilibrium equations. In a similar manner, when unknown joint
linear displacements A (or span rotations ¥ ) occur, we must write
force equilibrium equations in order to obtain the complete
solution. The unknowns in these equations, however, must only
involve the internal moments acting at the ends of the columns,
since the slope-deflection equations involve these moments.

EXAMPLE 8.4.1
Determine the moments at each joint of the frame shown in

Fig. a. EI is constant.

Solution
Both joints B and C are assumed to be displaced an equal

amount A. Consequently,

B
40 k =

YaAB = A/12 and Ypc= A/18
Both terms are positive since the cords of members AB and CD

“rotate” clockwise. "
Relating w 45 to wpc i7-\_
Q/IAB = (18/12) Q/IDC (a)
— 15 ft

I 18
M, =2F 5 2(0)+6, -3 Ve +0=FI(0.16676, —0.75p,,. ) (1)

I 18
M,, =2F 5 2(6,)+0-3 o Ve +0=EI (03336, —0.75/,, ) (2
M, =2E [ll—sj[z(e )+8, —3(0)]+0=EI (0.2676, +0.1334, ) -(3)
My =2E [1]_5}[2(9 )+6; —3(0) |+0=FI (02676, +0.1336, ) (4
M, =2F [f—g}[z(e )+0-3p,. |+0=EI (02220, —0.333p,, ) ..(5)
M, =2F %}[2(0)% —3Wpe |+ 0=FEI(0.1116, —0.333y,,. ) ..(6)
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Equations of Equilibrium. The six equations contain nine unknowns. Two moment equilibrium
equations for joints B and C, Fig.b, can be written, namely,

M, +M, =20 (7 Mg &
_ —_—
M,y +M, =0 ..(8) 40k
Mcp
Since a horizontal displacement A occurs, we will M,
consider summing forces on the entire frame in the x Mg, )

direction. This yields

Mcp
+> ) F, =0, 40-V,-V, =0 j:MB“‘ Cii

The horizontal reactions or column shears V4 and Vp can be
related to the internal moments by considering the free-body
diagram of each column separately, Fig. ¢c. We have 12 ft

ZMB =0; VA :_MAB +MBA
12

ZMC =0; Vi :_MDC Mo V4 :!:
18 -

Thus, ” A\
c
MAB +MBA +MDC +MCD =0 (9) Mpc
18

In order to solve, substitute Eqs. (2) and (3) into Eq. (7), Eqs. (4) and (5) into Eq. (8), and Egs. (1),
(2), (5), (6) into Eq. (9). This yields

18 ft

40 +

0.66, +0.1334. —0.75y,. = 0
0.1336, +0.4899. —0.333y,. = 0
480

0.56, +0.222, —1.94y;,c =——=

Solving simultaneously, we have

EIg, = 438.81 EIg. = 13618 Ely,. = 375.26
Finally, using these results and solving Eqs. (1)—(6) yields

M, =-208 kit
M,, =-135 kft
M, = 135 kit

M, = 948k.ft
M., =-948 kit
M. =-110 kft
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EXAMPLE 8.4.2

: . ) ) 1.5 k/ft
Determine the rotation and the horizontal displacement at
joints B and C of the frame shown in Fig. a. EI is constant. sk LYY Y Y Y Y YYYYYYYYYD
Solution i . 2 .
For member AB
M, ;=0
3EI 3A
M, =—6, —1|+0 (1
BA 20 { B 20} (1) 20 1t
For member BC
2ET L’ EI
M, =26, +6. —0]-22—=2=.(26, +6.)-72 .(2)
24 12 12 L N
2EI wL’ _EI ity als
M., =——I|6, +26. -0+ =—-(6,+20.)+72 .3
CB 24 [B G ] 12 12 (B C) () } 24 it }
For member CD
3EI 3A
M., ==—2168.-|=1||+0 ..(4
M,.=0

Equations of Equilibrium. These four equations contain seven unknowns. Two moment
equilibrium equations can be written for joints B and C,

My, +M,. =0

3El[ 3A} El
TAn | VB

+E-(2HB +6.)-72=0

20 20

72
0.31666, +0.0833¢., —0.0225A :E (5
Mo, +M., =0
El 3EI 3A
—-(6, +20.)+72+—| 4. —| — | |=0
12 6 +2) 20 {C Kzoﬂ

72
0.08336, +0.3166¢. —0.0225A :—E ..(6)
w15-V, -V, =0
ZMB =0; VA :_MAB +MBA
12
ZMC =0; VA =_MDC +MCD
18
Thus,
15+MAB +MBA +MDC +MCD =O
20 20

0.156, +0.15¢ —OO45——£ (7)
156, +0.156. —-0. zl
Solve Eq. (5), (6), and (7)
EIG, = 338.63 EIg. = -278.60 EIA = 533.41
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